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Abstract 

We apply the H-FGK formalism to the study of some properties of the general class of black 
holes in N — 2 supergravity in four dimensions that correspond to the harmonic and hyperbolic 
ansatze and obtain explicit extremal and non-extremal solutions for the t 3 model with and without 
a quantum correction. Not all solutions of the corrected model (quantum black holes), including 
in particular a solution with a single q% charge, have a regular classical limit. 
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1 Introduction 

In UJ |2l a new formalism for constructing single-center, static, spherically-symmetric black-hole 
solutions of N = 2, d = 4 supergravity coupled to vector multiplets was proposed^ It is based on 
rewriting the effective FGK action (8| in terms of a set of functions ("//-variables") of the original 
dynamical fields, chosen in such a way that they are real and transform linearly under duality. The 
appropriate choice, which significantly simplifies the equations of motion, can be made with the 
same algorithm for all supergravity prepotentials and for both extremal and non-extremal black holes. 
Substituting an ansatz for the H- variables (in taken to be harmonic and hyperbolic for, respectively, 
extremal and non-extremal solution^]) transforms the equations of motion into a system of ordinary 
equations on the parameters of the ansatz in many examples. 

This new formalism should simplify considerably the construction of new black-hole solutions 
and their systematic study, as it has been shown in the N = 2, d = 5 case J3j 01 0. So far, the 
construction of black-hole solutions demanded the use of a specific ansatz for each type of solution 
which had to be plugged into the equations of motion and checked in detail with considerable effort 
and, in general, with meaningful loss of generality, although, eventually, very general ansatze were 

'An analogous formalism exists for iV = 2, d = 5 supergravity theories |3 4,2 5| and can be extended to black-string 
solutions as well 16] |7). 

2 The same ansatz has been exploited also in five dimensions (3ll4l[T0ll2l. 
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proposed. The supersymmetric solutions of ungauged N = 2, d = 4 supergravity coupled to vector 
supermultiplets, which are the only theories we are going to study and discuss here, were constructed 
in this way in a long series of papers ifTTl [T2l [131 [141 [151 [161 . The effect of the inclusion of i? 2 
corrections was studied in ref. IfTTl . The outcome of all this work was a very general recipe that 
allows the systematic construction of supersymmetric black-hole solutions from harmonic functions. 
The same general class of solutions was eventually shown to contain regular stationary multicenter 
black holes lfl~8l [191 . The complete generality of the construction has been proven by the use of 
supersymmetry methods in [20]. For extremal non-supersymmetric black holes [21] no completely 
general construction procedure is known, although some general solutions of families of theories have 
been found such as for the almost-BPS ones |[22ll23l . those of the cubic models |[24l which originate 
from more particular examples j25l [26l [27l [28l and the interacting non-BPS solutions of ref. lf29l . 
In the non-extremal case, the situation is much worse: only a few examples of general non-extremal 
black-hole solutions are known Q. The H-FGK formalism can improve this situation. 

Our goals in this paper are similar to those of ref. Q in the 5-dimensional context: firstly to derive 
useful model-independent relationships between the quantities appearing in the H-FGK formalism 
and the physical characteristics of the solutions, in sec. [2 and secondly to use them in sec. [3] for 
finding explicit examples of black holes in the t 3 model with a quadratic correction to the prepotential, 
whose string-theoretical origin we recall in appendix [A] We restrict ourselves to solutions described by 
harmonic and hyperbolic functions (for the discussion of generality of these ansatze see refs. ||3"0"II3~T1 ). 
Sec. 0] contains our conclusions. 



2 The H-FGK formalism for N = 2, d = 4 supergravity 

In this section we briefly review the H-FGK formalism for theories of N = 2, d = 4 supergravity 
coupled to n vector multiplets, following [2], whose conventions we use. 

As shown in IU[2l , searching for single-center, static, spherically symmetric black-hole solutions 
of an N = 2, d = 4 supergravity coupled to n vector multiplets (and, correspondingly, including n 
complex scalars Z l and n + 1 Abelian vector fields A A ^) with electric (q\) and magnetic (p A ) charges 
described by the 2(n + 1) -dimensional symplectic vector (Q M ) = (p A , q\_) T is equivalent to solving 
the following equations of motion for 2(n + 1) dynamical variables that we denote by H m (t) and 
identify below with a certain combination of physical fields: 

(d M d N ]og\N - 2^^) H N + ia M %S P logW (H N H p - \ Q N Q 1 

TjN TT TjP TT TjN TT TT N /") 

- 4Hm ^J2~ + 8H M ^3 + 2Qm ^J2~ 

~ AHm W3 M W3 ' ( } 

-i^logW (H«H» - \Q M Q N ) + {^^j ~ { 9 -^ L ) 2 = r 2 o (2.2) 

In these equations r$ is the non-extremality parameter, we use the symplectic form ($7mtv) = ( -i o) 
and Q AIN = fi« ^ to lower and raise the symplectic indices according to the convention 

Hm = QmnH n , H M = Hn£I nm , (2.3) 
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and \N(H) is the Hesse potential^ For a theory defined by the covariantly holomorphic symplectic 
section V M , the Hesse potential can be found as follows: introducing a complex variable X with the 
same Kahler weight as V M , we can define the Kahler-neutral real symplectic vectors 

U M = V M /X , I M = 9m V M /X . (2.4) 

The components 1Z M can be expressed in terms of the Z M , to which process we refer later as solving 
Freudenthal duality equationsjf Then, the Hesse potential, as a function of the components 1 M is 
given by 

W(X) = ( TZ{I) \I) = TZ M (T)T M , (2.5) 
and identifying Z M = H M we get \N(H). We can use 71 to define dual variables: 

H M (H) = K M (H) . (2.6) 

Given a solution H m (t) of the equations (12.11) and (12.21) . the warp factor e 2U of the spacetime 
metric 



ds 2 = e 2U dt 2 _ e -2U ( r dT 2 + ^0 dfi 2 ) (2.7) 

k sinh tqt sinh tqt 1 ; 



takes the form 

and the scalar fields are given by 



~ 2U = W(H) (2.8) 
H l + iH l 

(2.9) 



H° + iH° 

The equations of motion (12.11) can be derived from the effective action 



I cS [H] = f dr 



\d M d N logW ( H M H N + 1Q M Q N ^ \ H H m\ U m 



w / V w 



(2.10) 

Then, eq. (12.21 ) is nothing but the Hamiltonian constraint associated with the r-independence of the 
action, with a particular value of the integration constant, which we cannot change because it is part 
of the transverse metric ansatz. 

If we contract the equations of motion (12.11 ) with H p and use the homogeneity properties of the 
different terms and the Hamiltonian constraint eq. (12- 2b . we find a useful equation 

H M [H M - rlH M ) + {HM * M? = , (2.11) 

which corresponds to that of the variable U minus the Hamiltonian constraint in the standard formu- 
lationjf] 

In what follows we shall impose on the variables H M the constraint 

H M Hm = . (2.12) 

In the supersymmetric (hence, extremal) case it has been shown Il33l that this constraint enforces the 
absence of NUT charge: a non-zero NUT charge would lead to a non-static metric with string-like 



3 For a historical perspective on the real formulation of special Kahler geometry and the Hesse potential see e.g. ITI I32I 
4 In earlier papers sometimes called "stabilization equations". 

5 This equation in the extremal limit agrees with the special static case of eq. (3.31) of ref. 1281 . 
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singularities. Here, this condition is nothing but a possible simplifying assumption which does not 
imply non-staticity since staticity has been assumed in this formalism form the onset. Here we take 
it as a convenient ansatz and leave the possibility and implications of violating this constraint to be 
studied elsewhere If30l [3TTl . 

The above constraint simplifies eq. (12.111) 

H m (h m -rlH M ) =0, (2.13) 

which can be solved by harmonic (in the extremal tq = case) or hyperbolic (in the non-extremal 
ro / case) ansatze for the variables H , satisfying 

H M -r%H M = 0. (2.14) 

These are the ansatze that we will use in the rest of the paper, bearing in mind that they are adapted 
to the additional constraint (12.121 ) that we impose by hand. Taking into account this constraint, the 
equations that need to be solved are: 

d P d M log\NH M + ±d P d M d N log\N (H M H N - \Q m Q n ) +d P (^M>) 2 = 0, (2.15) 

-±d M %logW (H M H N - \Q M Q N ) - {^^j = rl ,(2.16) 

H M H M = 0. (2.17) 

It is also useful to have the expression of the black-hole potential as a zeroth-degree homogeneous 
function of the variables H M : 

- V hh (H, Q) = -|W (d M d N log W - 4\N~ 2 H M H N ) Q M Q N . (2.18) 
2.1 Extremal black holes 

As explained above, for extremal black holes we take H m (t) to be harmonic in Euclidean R 3 , i.e. lin- 
ear in t0 

H M = A M _ 1 B M T (219) 

V 2 

where A and B M are integration constants to be determined as functions of the independent physical 
constants (namely, the charges Q M and the values of the scalars at spatial infinity Z^) by using the 
equations of motion (12- 15b — (12. 17b and the asymptotic conditions. 

6 Known non-supersymmetric extremal solutions that do not conform to this ansatz do not satisfy constraint i2. 12t either 
[28 30 1 . On the other hand, the representation of a solution in terms of the H M may not be unique and the harmonicity or 
the fact that the constraint eq. l !2.17t is satisfied may not always be a characteristic feature of a solution 1311 . 
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The equations of motion for the above ansatz can be written in a simple and suggestive form0 

dp [V hh (H, Q) - V hh (H, B)}=0, (2.20) 



V hh (H,Q)-V hh (H,B) = 0, (2.21) 

A M B M = . (2.22) 

Observe that the first two equations are automatically solved for B M = Q M , which corresponds to 
the supersymmetric case. The third equation then takes the form A Qm and still has to be solved, 
which can be done generically lfT8l [191 as we are going to show. 

Furthermore, observe that the Hamiltonian constraint (12.211) is equivalent to the requirement that 
the black-hole potential evaluated on the solutions has the same form in terms of the fake central 
charge which we can define for any symplectic (fake or not fake) charge vector B M by 

Z(Z,Z*,B) = {V\B) (2.23) 

as in terms of the actual central charge Z(Z, Z*,Q) = (V | Q) = Z(Z, Z*, Q), that is 

- V hh {Z, Z*,Q) = \Z\ 2 + G ij *ViZV r Z* . (2.24) 

The asymptotic conditions take the form 

\N(A) = 1 , (2.25) 

iP(A) + ^ 
00 H<>(A)+iA° 

but can always be solved, together with (12.22b . as follows: if we write X as 

X = ^e u+ia , (2.27) 

then, from the definition (12.41 ) of I M we get 

H M = V2e- U %m{e- ia V M ) , (2.28) 
and, at spatial infinity r = 0, using asymptotic flatness (12.251 ) 

A M = V2Qm(e- ia °°vM) . (2.29) 
Now, to determine we can use (12.221 ) and the definition of fake central charge (12.23b - Observe that 

A M B M = ( H | B ) = 3?m< V/X \ B) = %m(Z/X) = V2e~ u ^m{e~ ia Z) = , (2.30) 
from which one first obtains the relation 

e ia = ±Z/\Z\ (2.31) 



7 It is worth stressing that, even though the first equation is the derivative of the second with respect to H p ', solving the 
second for some functions H M does not imply having solved the first. Only if we find a B AI such that the second equation 
is satisfied identically for any H will the first equation be satisfied as well. The number of B M with this property and 
their value depend on the particular theory under consideration, but their existence is quite a general phenomenon. 
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and then the general expression for the A M as a function of the B and the Z\ 



A M = ±V2%m (jj^V^J • ( 2 - 32 ) 

The sign of A M should be chosen to make H finite (and, generically, the metric non-singular) in 
the range r € (— oo,0). The positivity of the mass is a physical condition that eliminates some 
singularities of the metric. As we shall see in eq. (12.40b . this requirement singles out the upper sign in 
the above formula. 

Having reduced the problem of finding a complete solution to the determination of the constants 
B M that must satisfy equations (12.201 ) and (12.211 ) as functions of the physical parameters Q M , Z^, 
it is useful to analyze the near-horizon and spatial-infinity limits of these two equations. The near- 
horizon limit of (12.211 ) plus the definition of the fake central charge lead to the following chain of 
relation^] 

S/tt = \\N(B) = -V hh (B, Q) = \Z(B, B)\ 2 , (2.33) 

where S is the Bekenstein-Hawking black hole entropy and Z(B,B) is the near-horizon value of the 
fake central charge. The last of these relations, together with the condition (12.241) imply that, on the 
horizon, the fake central charge reaches an extremum 

di\Z(Z h ,Z*,B)\ = 0. (2.34) 

The near-horizon limit of (12.201) leads to 

d M V hh (B,Q) = 0, (2.35) 

which says that the B M extremize the value of the black-hole potential on the horizon. Since the 
black-hole potential is invariant under a global rescaling of the H M , the solutions (that we generically 
call attractors B M ) of these equations are determined up to a global rescaling, which can be fixed by 
imposing eq. (12.2 1 b - 

The B M must transform under the duality group of the theory (embedded in Sp(2n + 2, R)) in 
the same representation as the H M , the charges Q M and the constants A M . In certain cases this poses 
strong constraints on the possible solutions, since building from Q M and Z^ an object that transforms 
in the right representation of the duality group and has dimensions of length squared may be far from 
trivial. A possibility that is always available is the Freudenthal dual defined in ref. [34], generalizing 
the definition made in ref. ll35l . Freudenthal duality in N = 2, d = 4 theories can be understood as the 
transformation from the H AI to the Hm{H) variables. The same transformation can be applied to any 
symplectic vector, such as the charge vector. Then, in our notation and conventions, the Freudenthal 
dual of the charge vector, Qm, is defined by 



1 dW(Q) 

2 dQ* 



Qm = ~^T- (2-36) 



It is not difficult to prove that this duality transformation is an antiinvolution 



Qm = ~Qm, (2.37) 



8 In this and other equations, the expression Vhh(B, Q) stands for the standard black-hole potential with the functions 
H ai (t) replaced by the constants B M . 
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and using eq. (12.51) to show that 

W(Q) = W(Q) . (2.38) 

With more effort one can also show that the critical points of the black-hole potential are invariant 
under Freudenthal duality [34]. Therefore, as B M = Q M is always an attractor (the supersymmetric 
one), 

B M = qM (239) 

will always be another attractor. 

Let us now consider the spatial-infinity limit, taking into account the definition of the mass in 
these spacetimes and the definition of the fake central charge 

M = U(0) = 4^{A | B) = ±\Z(A,B)\ . (2.40) 

As mentioned before, to have a positive mass we must use exclusively the upper sign in (12.311) and 
(12.321) and we do so from now onwards. In the supersymmetric case, when B M = Q M and the fake 
central charge becomes the true one, this is the supersymmetric BPS relation. 
The asymptotic limit of (12.211) plus (12.241 ) and the above relation give 



M 2 + 



+ ^bhoo = 0, (2.41) 



which, when compared with the general BPS bound [ 8 ], leads to the identification of the scalar charges 
Ej with the values of the covariant derivatives of the fake central charges at spatial infinity 



(2.42) 



2.1.1 First-order flow equations 



First-order flow equations for extremal BPS and non-BPS black holes can be easily found following 
Il36l but using the generic harmonic functions ( 12.191 ): let us consider the Kahler-covariant derivative 
of the inverse of the auxiliary function 

VX~ l = i(V I V*)VX- X = i(V{V/X) | V*) = i(d(V/X) | V*) 

= i( d(V/X) - d(V/X)* I V*) = -2{ dH I V*) (2.43) 

= -V2Z*(Z,Z*,B)dr , 

where we have used the normalization of the symplectic section in the first step, the property ( W | 
V*) = in the second, the Kahler-neutrality of V/X in the third, ( VV* \ V*) = { V* | V*) = in 
the fourth, the definition of X = H in the fifth, and the ansatz (12.191 ) and the definition of the fake 
central charge (12.231 ) in the sixth. 

From this equation, eqs. (12.271 ) and (12.311 ) and the relation (cf. eqs. (3.8), (3.28) in ref. ESI ) 

a = -Q*, where Q* = ^Z^iK. + c.c. (2.44) 

is the pullback of the Kahler connection 1-form, we find the standard first-order equation for the metric 
function U: 

de~ u 

— = -\Z(Z,Z*,B)\. (2.45) 
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Let us now consider the differential of the complex scalar fields: 

dZ i = igv* { Vj*V* | V k V )dZ k = ixgv* { V r V* \ V k {V/X) )dZ k 

= iXgv* {Vj*V* | d k {V/X) )dZ k = iXg^*{Vj*V* I d{V/X) ) 

(2.46) 

= ixg'i' v,-v I d{v/x) - d(v/xy ) = -ixg^* (v r v* \ <m) 

= +y/2Xgv* {V r V* I B)dr = y/2 Xgv'Vj* Z*(Z,Z*,B)dT , 

where we have used the same properties as before. To put this expression in a more conventional form 
we can use the covariant holomorphicity of Z writing 

~ I ^ I ^ 2 1 2s I Qn * I I ~ 

Vj.Z* = Vj* 1 -^- = 1 1 J 1 1 = 2e- ia di* \Z\ , (2.47) 
3 Z Z 



2e u g ij *d j *\Z\. (2.48) 



and plugging this result in the expression above: 

dZ i 

It is easy to check that these first order equations imply the second-order equations of motion 

U + e 2U V hh (Z, Z*,B) = 0, (2.49) 

Z 1 + T jk i Z j Z k + e 2C/ dV bh (Z, Z*,B) = 0, (2.50) 
with Tj k l = g djg k i*, which coincide with the original ones if 

V hh (Z,Z*,B) = V hh (Z,Z*,Q) (2.51) 
for any Z % (not just for the solution; see the remark in footnote [7]). 

2.2 Non-extremal black holes 

Previous experience 13 (see also HI and, further, iflOl [71 for 5-dimensional examples) suggests that 
a suitable ansatz for the variables H M for non-extremal black holes of N = 2, d = 4 supergravity, 
compatible with the constraint (12- 12b . is 

B M 

H m (t) = A M cosh(r r) + sinh(r r) , (2.52) 

for some integration constants A M and B that, as in the extremal case, have to be determined by 
solving the equations of motion and by imposing the standard normalization of the physical fields at 
spatial infinity. 

Using this ansatz, the equations of motion (12-15 1) — (12- 17b take the form 

\d P d M d N \og\N (B M B N - r 2 A M A N ) - d P [V hh (Z, Z* , Q)/W] = 0, (2.53) 

-\d M d N log W (B M B N - r 2 A M A N ) - V hh (Z, Z* , Q)/W = , (2.54) 

A M B M = , (2.55) 
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where we have used the third equation and the homogeneity properties of the Hesse potential W in 
order to simplify the first two. 

In the non-extremal case we can define several fake central charges: 

Z(Z,Z*,B) = (V\B), Z(Z,Z*,B±) = (V\B±), (2.56) 

with the shifted coefficients 

r H M (r) 



£M= Hm V ( =B M TroA M_ (257) 

t^=foo sinh(ror) 



Imposing the same asymptotic conditions on the fields as in the extremal case and the condition 
(12.55b . we arrive again at (12.32b . Left to be determined from the equations of motion are then only the 
constants B M and the non-extremality parameter tq. 

The mass is given again by eq. (12.401 ) and the expressions for the event horizon area (+) and the 
Cauchy horizon area (— ) are 

4^ = W(B±) . (2.58) 

In the near-horizon limit, the equations of motion, upon use of the above formulae for the area of the 
event horizon, lead to the following relations 

^ = ~V hh (B ± ) ± 2r M M N[F(B±)]A M B¥ = W(B±) , (2.59) 

d P V hh (B ± ) = ±2r Q d P M M N[HB)]A M B^ = —1r\ dpM.u n [J 7 {B)}A M A N , (2.60) 

which generalize eqs. (12.331) and (12.351) to the non-extremal case. In the last relation we have used the 
identity 

H M d P M MN (J r ) = 0. (2.61) 

The right-hand side of eq. (12.601 ) vanishes if A oc B M . This is a special case that we study in 
section 12.2.21 Another possibility is that Fkt, and hence also M.mn{F) are constant, as happens in 
quadratic models. In general, however, dpV\^{B±) / and we conclude that the values of the scalars 
on the horizon of a non-extremal black hole do not necessarily extremize the black-hole potential. 

2.2.1 First-order flow equations 

The derivation carried out for extremal black holes in section IT.l.ll can be straightforwardly extended 
to the non-extremal case. As in the 5-dimensional case studied in ref. [7], one defines a new coordinate 
p and a function f(p) 

_ sinh(r r) _ 1 

P = T7 r , f(p) = i 5 5 = cosh r r , (2.62) 

r cosh(r r) a/1 - r$p 2 

so that the hyperbolic ansatz (12.521) for H AI can be rewritten in the "almost extremal form": 

H M = f(p)(A M + B M p) = f(p)H M . (2.63) 
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Then, following the same steps that led to eqs. (12.451 ) and (12.65b . one can obtain the first-order flow 
equations: 



dp 



V2\Z(Z,Z*,B)\, (2.64) 
-2V2 e G g ij * dj*\Z(Z, Z* , B)\ , (2.65) 



dp 

where we have introduced the hatted warp factor U = U + log /. 

Similarly to the extremal case, it is not difficult to show that this first-order flow implies the 
second-order equations: 

d 2 U 



dp 2 



+ e 2U V hh (Z, Z*, V2B) = , (2.66) 



^+T M i ^^ + e™gv*d r V hh (Z,Z*,V2B) = 0, (2.67) 

plus the constrain^ 

(^) 2 + G ^%^- + e2 ° Vhh{Z > Z *' = ° ' (2 " 68) 

but now with respect to the new variable p and the new function U. 

In order to compare these equations with the actual second-order equations for the warp factor and 
the scalars we have to rewrite them in terms of the variable r and rescale U to U. For the former, by 
using d/dp = f 2 d/dr and eq. (12.641 ). one finds: 



2V2p - 2 <■-'' 



U - -^e u \Z(Z, Z*,V2B)\ + -| + -^V hh {Z, Z\ V2B) , (2.69) 



To , £ 

/ " l_v "'" ' f 2 f 2 

from which follows the relation between the true and the fake black hole potential that must hold for 
the above second-order equations to imply the equations of motion: 

e 2U V hh (Z,Z*,Q) = -j^V hh (Z,Z*,V2B) - ^LjM^ e u \Z(Z, Z* , y/2B)\ + ^ . (2.70) 

The same condition ensures that the constraint eq. (12.681) implies the standard Hamiltonian constraint. 
For the scalar equations we find the condition 

/ P 2U A,/9r 2 n \ 

d t (e 2U VUZ,Z\Q)-^V hh (Z,Z\V2B) + ^j^e u \Z(Z,Z*,V2B)\ \ =0. (2.71) 

No other conditions need to be satisfied for the first-order equations to imply all the second-order 
equations of motion. Taking the derivative with respect to p of eq. (12.701) we find that, if this relation 
is satisfied for any Z % (or any H M ), then the last equation is also satisfied, as are all the second-order 
equations. 

Evaluating eq. (12.701 ) at spatial infinity (r = 0, which corresponds to p = 0) we find the following 
relation between the charges, the fake charges, the asymptotic values of the moduli and the non- 
extremality parameter: 

V^Z^Z*^, Q) - Vhh(Zoo, V2B) = r 2 . (2.72) 
'Observe that the right-hand side of this equation is not rg. 
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2.2.2 Non-extremal generalization of doubly-extremal black holes 

For non-extremal black holes whose scalars are constant over the whole spacetime, it is possible to 
solve the equations of motion of the H-FGK system with the hyperbolic ansatz (12.521) in a model- 
independent way, i.e. for any theory of N = 2, d = 4 supergravity. Given the constancy of the scalars 
we assume 

Zl = 4 , (2.73) 

which requires 

B M oc A M , (2.74) 

where the constants A M are given by eq. (12.321) . 

Using the proportionality of the B M and A M in the r — > 0~ or r — > ±oo limit of eq. (12.531) we 

get 

d K V hh (Z oo ,Z* oo ,Q) = 0, (2.75) 

which proves that the scalars must assume attractor values = 2f* tt that are a stationary point of 
the black hole potential, just as in the extremal case. We can thus use eq. (12.33b . which gives the 
value of the black-hole potential at the horizons in terms of the fake central charge there Z(B, B) (not 

z(z,z*,B±)y. 

-V hh (Z 00 ,Z* 00 ,Q) = \Z(B,B)\ 2 . (2.76) 

The proportionality constant between B M and A M is easily determined to be — W 1 / 2 (i3) by using 
the normalization at infinity \N(A) = 1 and choosing the sign so as to make the functions H M ^ 
for r G (— oo, 0). Then we can write 

H M (r) = A M (cosh (r r) - \N l ' 2 {B) sinh J r ° r ) ^ . (2 . 77 ) 

The values of B± are 



B± = - (W 1 / 2 ^) ± r j A M , (2.78) 

and 

W(B ± ) = (\N^ 2 (B) ±r o y . (2.79) 

A relation between the value of W 1//2 (£>) and physical parameters and ro can be found by taking 
the r ->• CT limit of eq. (12.541 ): 

W(B) = rg-Vbh(^oo,^o,Q). (2-80) 

Another relation comes from the definition of mass M = U(0), which gives M = —Hm{A)B ai . 
Using the proportionality between A M and B M we find that 

M = \N 1/2 (B). (2.81) 

The final expression for the functions H M (r) is, regardless of the details of the model: 

H m (t) = A M (cosh (r r) - M^^) , (2.82) 

5± = vr (M ± r ) 2 , (2.83) 
where the non-extremality parameter, upon use of eq. (I2.76I ). is given by 



r = JM 2 -\Z(B,B)\ 2 . (2.84) 
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3 One-modulus quantum-corrected geometries 



We shall now use the formalism developed in the last section to explore the black-hole solutions of 
one-modulus quantum-corrected models that typically appear as one-modulus Calabi-Yau compact- 
ification of type II string theory. For one-modulus models of this kind the perturbative prepotential 
.Fpert can be brought to the form: 



IIA 6 ^0 2 { ' ' 



where the correction is encoded in the model-dependent positive constant c, Kin * s tne triple in- 
tersection number and the hat indicates that we are working in a possibly rotated (by a symplectic 
matrix) frame of the homogeneous coordinates {X°, X 1 } of the moduli space. In what follows we 
take the explicit example of the type IIA supers tring compactined on the quintic Calabi-Yau manifold 
( K i 1 1 = 5)> which we review in the appendix. 

For the sake of simplicity and in order to be able to make a comparison, in the following we 
first study the uncorrected model corresponding to the prepotential F^ lA = ^fA (c = 0) and only 
afterwards the general case of eq. (13.ll ). 



3.1 Uncorrected case: the t 3 model 

In this section we consider the tree-level prepotential: 

In terms of the coordinate t = X 1 /X° the Kahler potential and metric are given by: 

e~ K ° = f (9m i) 3 , Ql, = | (9m t)~ 2 , (3.3) 
whereas the covariantly holomorphic symplectic section is 

/ 1 \ 



V°(M* 



e 



KP/2 



k 3 



(3.4) 



and the central charge, its covariant derivative, the black-hole potential and its partial derivative read: 

Z = e K ° /2 Z, (3.5) 

1 e K °/ 2 - 

V t Z = --—W, (3.6) 

2 ismt 

-V hh = e K ° (\Z\ 2 + \\W\ 2 ) , (3.7) 



-StKh = ^(Smt)- 4 {W*f + 3WZ* ) . (3.8) 
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In the above: 



Z = | p °t 3 - IpH 2 - q x t - q , (3.9) 

W = | A 2 ** - lp l t{t + 2t*)- q 1 {2t + t*)-3q° . (3.10) 

Notice all these objects are well defined only for 9m t > 0. Furthermore, it must be taken into 
account that the theory given by the tree-level prepotential is a good approximation to the full theory 
only when \t\ 3> 1. 

3.1.1 Extremal solutions 

Extremal solutions are associated with the critical points of the black-hole potential. Following from 
eqs. (13.61) and (13.81) . there are two kinds of critical points: 



1. Supersymmetric, when 

W = 0. (3.11) 

For generic (non-vanishing) values of the charges, there exist three complex solutions for the 
critical values i att , but at most two can be physical (9m t > 0). Their expressions are compli- 
cated and will be recovered below by taking the appropriate limits in the solutions. 

2. Non-supersymmetric P7ll38ll . when VV / and 

3ZW* + W 2 = 0. (3.12) 

The extremal BPS solutions can be constructed by the procedure explained in section 12.11 The 
Freudenthal duality equations can be solved in a general way [39 ] and the metric function and scalar 
field read: 



e~ 2U = \N(H) = ^±H (H 1 ) 3 + (H 1 H 1 ) 2 -3(H H ) 2 -6H°H H 1 H 1 -W(H 1 fH . 
3H°H + H l H! 3e~ 2U 



5(H 1 ) 2 + 2H°H 1 2[5(H 1 ) 2 + 2H°H 1 }' 

(3.13) 

The harmonic functions (H M ) = (H°, H l ,H , H x ) are given by eq. d2T9l with B M = Q M and the 
A M are given by eq. (12.321) (with the upper sign), where now the asymptotic values of the symplectic 
section (13.41 ) and the central charge (13.51) have to be used. This guarantees the absence of NUT charge 
(necessary for the consistency of the solution) and the correct asymptotic behavior of the above fields: 

e -2U(0) = hm=too _ 

On the horizon, the values taken by these fields can be found by replacing the harmonic functions 
H M by -Q M /\/2, that is 



S c /n = ±W(Q) = -^^^p0 (9l) 3 + (pi ?l) 2 _ 3{p o qo) 2 _ 6p o qop i qi _ io(pi)3 go , 

(3-14) 

3p%+Ai , • 3W(Q) 



5(p 1 ) 2 + 2p° qi 2[5(p 1 ) 2 + 2p° qi ] ' 

The values of the fields on the horizon are well defined only if the charges are such that the entropy 
and, hence, W(Q) is real and non-vanishing and if 3m t > 0. Furthermore, in order to be able to write 
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the above expressions we have assumed that p° > 0. Then, the conditions that the charges must satisfy 
are 

p°>0, (3.15) 
5(p 1 ) 2 + 2p°g 1 > 0, (3.16) 

TsP°(qi) 3 + {v\i? - 3(Ao) 2 - eAoAi - lotp 1 ) 3 ® > o . (3.17) 

The analysis of the possible values of the charges in the most general case is complicated and 
unilluminating, so we will not attempt it here. The inequalities (13- 1 5 b — (13. 17 b must be extended to the 
H M in order to guarantee the regularity of the solution. The first-order flow equations imply that the 
metric function grows monotonically from spatial infinity to the event horizon, therefore it is enough 
to give it admissible values there to ensure that it does not vanish for any value of r £ (— oo, 0). A 
similar argument applies to the scalar fieldf^! 

Because the general supersymmetric solution turns out to be very difficult to deform into the gen- 
eral non-extremal solution, we consider a simpler three-charge case with p° = 0. The supersymmetric 
solution (with = as well) takes the form: 



e~ 2U = ^|#V(#i) 2 -10Mo, 

_ , (3.18) 

5m +l 5 \m\ 

For this simpler charge configuration it is also possible to directly study the stationary points of 
the black hole potential to find a non-supersymmetric critical point given by: 



*att = -77 + l ~r m ( 3 - 19 ) 

bp 1 5 \p L \ 



and the corresponding entropy: 



SJir = -jbV-K^-lOP 1 ®]. (3-20) 
They differ from the supersymmetric case by the sign of the discriminant 

A = -p 1 q + i -jf. (3-21) 

Rather than trying to construct the corresponding solutions directly, we shall obtain them as a limit 
of the non-extremal solution that we construct using the general procedure discussed in the previous 
section. 

3.1.2 Non-extremal solution with p° = 

As we showed in section I2l2l by using the ansatz 

B M 

H m (t) = A M cosh (r r) + smb. (r r) . (3.22) 



10 With more scalar fields and non-diagonal metrics it would be more complicated to argue the same. 
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valid for non-extremal black holes satisfying H Hm = 0, one can reduce the differential equations 
of motion to the algebraic equations (12.53b — (12.55b and solve them for the coefficients B M . For a 
non-extremal black hole in the i 3 model with charges p , qq and q% one finds: 



B = s 1 



B 



A 2 | 5r 2 (Qmt oo ) 3 



V) 



1\2 



2(p 



1\2 



24 



+ 



3ri 



10(y) 2 \/ 2 10(9mi 



Q r 2 1 



Bi 



A 91 



> 2 1 



p 1 V 109m ^ 2 



where we have defined 



s 1 = sgnO 1 ) , 



(3.23) 
(3.24) 
(3.25) 
(3.26) 



The coefficients A M can be determined by using the general expression (12.321 ) and in our case 
turn out to be: 



A = s 1 - 



y (9m too) 2 



A 1 = s 1 



A 1 = 



p 1 V 103m 

From the relation M = U(0) the mass is found to be 



(3.27) 
(3.28) 
(3.29) 



1 / -60p 1 g (g 1 ) 2 + 3( gl ) 4 + 25(p 1 ) 2 [12(g ) 2 + 5rg(Smt 00 )3] 
4 I V 125(^)2(^^)3 



(3.30) 



+ J9r% + 15(p^(<3mtoo) 3 • 



One can invert this expression to obtain tq in terms of the physical parameters M, 9m too, p 1 , qo- 



r 2 



1000(^9™^ i -SO^^^o^O^mtL + 3(p 1 ) 2 (ft) 4 9m4 



- 1875(p 1 ) 6 9m4 + lOO^ 1 ) 4 [3(g ) 2 9mt^ + 25M 2 9mi 
+ 10 v / 30M 2 (p 1 ) 6 9mt9 o 



(3.31) 



VHqi) 2 [(<Zi) 2 ~ 20p 1 g ] + 25(^) 2 [36(g ) 2 - 2% I ) 2 9mi^ + SOM^mt 3 ^ 
This result allows one to obtain the expression for the mass in the extremal limit ro — > 0, namely: 

^3 25 (p 1 ) 2 9m 4>+ 10|A| 



M 



3/2 



20|p 1 |9mC 
16 



(3.32) 



s 1 


so 


SA 


+ 




+ 




+ 


+ 


+ 


+ 


+ 






+ 


+ 


+ 











Table 1: The extremal limits depend on s 1 and s\. Here so = sgn(go)> s 1 = sgn(j) 1 ) and (sa = 
sgn(A) where the discriminant A has been defined in eq. (13.211) . There are 6 possible cases : the 
first 4 possibilities (sa = +1) would produce a supersymmetric extremal black hole while the others 
(sa = — 1) a non-supersymmetric one. 



It is easy to check that M > 0. As mentioned at the end of the previous section, when sa = sgn(A) 
is positive, the solution is supersymmetric (see table [T]), in which case the anharmonic function Hq = 

Aq cosh(ror) + sinh(roT) becomes for ro — > 0: 



H = a 1 - 



y/3 



whereas in the non-supersymmetric case: 



qi \ 2 25 s 

7) -y (9m ^ 



qoT. 



H = s l - 



25 



+ 



V2 



V2 



go-2^t it. 



(3.33) 



lpp 



(3.34) 



The extremal limit for H 1 = 2- Hi is in turn 

91 1 



V2 



p 1 T . 



Accordingly, for the warp factor after some simplification one obtains 

„-2C7 



[-10(^)3^0 + (iMi) 2 ] 



(3.35) 



(3.36) 



where the plus holds for supersymmetric solutions and the minus for non-supersymmetric. 

The entropies associated with the outer (r — > — oo) and inner (r — > +oo) horizon can be computed 
to be respectively: 



7T 



1 



15 3 / 4 



(3.37) 



5^rn I 4 / g9W _ gggoCgll! + 3 fa) 4 + 125r 2 



1/2 



_ 1 

V ~ 15374 

5\/5ro 



^r + ^3^ + 5(^)29™^ 



9m ^ 



(3.38) 



'300(g ) 2 60(?o(gi) 2 , 3( ft ) 4 



9m £3 



Sme + Qfm^fp 1 ) 2 +125r o 



1/2 
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By taking the limit ro — > the extremal black hole entropy is recovered from both S+ and 5_ and 
their product satisfies the geometric mean property S+S- = ^(p 1 ) 2 [—Wp 1 qo + (qi) 2 ] = S'e- 



3.2 Quantum-corrected case 

For the quantum-corrected model of type IIA superstring on the quintic, whose prepotential can be 
brought to the form (13.11) by a symplectic rotation of the coordinate frame (see the appendix), the 
covariantly holomorphic period vector reads: 



pert 



= /Cpert/2 



V 



\ 



1 

t 

§i 3 - ic 

" it 2 ) 



(3.39) 



25 C(3) « 0.969204. Because the general 



where (in the compactification we are considering) c = -j 
case is very complicated, we deal only with two-charge and three-charge black holes. 



3.2.1 Supersymmetric solution with Q = (p°, 0, 0, <?i) T , Q = (p°, 0, 0, gi) T 

The relations between the two pairs of charges in the rotated frame and in the original one are: 

25 n 



p°=p°, 



By solving the equation for the extremal supersymmetric case one finds0 



t = sd 



2 Hi 
5H0 



-2U e 



with H 



M 



A M - -^Q m t and s< = +1 when 



3c\i/3 



, oo 



(3.40) 



(3.41) 
(3.42) 



(3.43) 



while Si 



1 for 



2 91 / /3c\i/3 



(3.44) 



so that 9m i lies in the allowed domain (IA.48I ) (for other values of the charges the supersymmetric 
solution simply does not exist). By using (12.321 ) one can determine the constant part of the harmonic 
functions: 



10 Si 3tn + 3c 



10 sa 3tn t 3 _|- 3 C ' 



(3.45) 



"As the # M in the original frame do not appear (and H M has been already used with a different meaning in eq. I I2.62H . 
we suppress the hats on the rotated H . 
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Notice that two disconnected branches of supersymmetric solutions appear and only one of them, 
the case (13.43b . survives when c = 0. For both supersymmetric possibilities sgn(j5°) = sq = sgn(gi) 
and depending on the charges, the scalar at infinity is bound to a certain set of possible values. If the 
charges, for example, satisfy (13.431 ) also 9m must belong to this interval and all the flow of the 
scalar in the moduli space takes place inside this confined region. By looking at the explicit form of 
the solutions it is possible to convince oneself that the two distinct branches of solutions cannot be 
connected smoothly by changing the value of the charges. 

The entropy and the mass, once computed, can be written in the form: 



S e _ fc 2 (p°f + 8(q 1 ) 3 + s^VWcyWqT) 



TT 



\6cp° + 6<ji9mi 00 + 5p°$mt 3 1 



(3.46) 



M e = - — — 2il . (3.47) 



4^10 + 15^4, 

The positivity of both the entropy and the mass is guaranteed by the fact that the charges are confined 
to the intervals (13.43b . (13.441) . 

The study of this two-charge configuration in the rotated symplectic frame allows the analysis of 
the single charge configurations Q = (p°, 0, 0, 0) T and Q = (0, 0, 0, gi) T in the original frame. For 
the former one should substitute in the formulae above qi = — f|p° but already here an inconsistency 
occurs due to the requirement sgn(j5°) = sgn(gi) that would not be respected. Also for the other 
single-charge configuration, by setting p° = p° = 0, it is easy to realize that the expressions become 
ill-defined. This suggests that no physical BPS solutions exist for the single-charge case at hand. 

Before passing to non-extremal black holes, it is worth mentioning that the Freudenthal duality 
equations also admit a solution that cannot be accepted, namely: 



3c / 8 Hf /TrnNO 3H° 

(H°) 2 + ic—, (3.48) 



2Hi V 45c 2 H° v ; 2Hi 

e-™- = 2(H°)>c+±££. (3.49) 

These expressions would be well defined only for charges that violate the constraint (IA.48b . which 
leads to invalid Kahler metric and Kahler potential. 

3.2.2 Supersymmetric solution with Q = {0,p l ,qo,qi) T , Q = (0,p 1 ,qo, qi) T 

This configuration corresponds to a three-charge black hole also in the original frame, according to 
the relations: 

11 25 1 11 i 

v =p , qo = qo- -^p , qi = qi + yp • (3.50) 



19 



We solve the Freudenthal duality equations with the harmonic function H set to zero. This yields: 

* " 30cffiaV3 ' (3 " 51) 

= ^ " 5^ ' (3 - 52) 

1 / a 1 /3( /3 + 7a i/3) +5 \ 

U ~ "2 l0g 1 100c(i? 1 ) 2 a 2 /3( a 2/3 + /Oa i/3 + /O 2) ) ' < 3 " 53 ) 



where 



^ = -10i/ 1 //o + (^i) 2 , 



a = p 3 - 11250c 2 (tf 1 ) 6 + 150 y/ [5625c 2 (tf 1 ) 6 - p 3 ] 



/? = p 2 (p 3 _ 7500c 2 ^1)6 + 10Q y(ifl)6 c 2[ 56 2 5c 2( jff l)6 _ p 3] j _ (3 ^ 

7 = p (p 3 - 3750c 2 {H 1 ) 6 + 50 v 7 ^ 1 ) 6 ^ [5625c 2 (i/ 1 ) 6 - p 3 ]) , 



J= ( p 3 + 7500c 2 (il 1 ) 6 )^. 
The expression for the physical scalar then becomes 

t=*L gi , ■ 30c (ff 1 ) 2 ^/ 3 

5P 1 a 2 / 3 + p aV3 + p2 • V J3) 

The constant parts of the harmonic functions turn out to be: 

A = s - , A\ = si , , (3.56) 

v / 3c+ 103m ^ p 1 V3C+ 109m 

3(q l ) 2 %mt OD -25(p 1 ) 2 Zmtl o -30c(p 1 ) 2 

An = so . , (3.57) 

10(p 1 ) 2 v / 9c + 309mt 3 o 

where s M = sgn(Q M ). 

The solution just displayed is a purely "quantum black hole": it diverges when c is put to zero and 
it is well defined only for a restricted set of values of the parameters {p 1 , %, qx, ^sm too}. By looking 
at the expressions of the scalar and the warp factor we realize that the problematic part is the square 
root 

y/iH 1 ) 6 c 2 [5625c 2 (H 1 f -p 3 ] (3.58) 

that, in order to be real, needs the radicand to be bigger than or equal to zero. This condition must be 
considered besides the requirement that the imaginary part of the scalar should belong to the intervals 
(1A.48I ) and the positivity of the warp factor. Then the allowed values of the charges can be determined 
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by studying the behavior of solutions on the horizon whereas the allowed values for 9m are given 
by the limit at infinity (r — > 0~). In the end one obtains the following restrictions: 

9m ^ e (-(^) 1/3 '°) ~ ("0.662489, fj), (3.59) 

. . (f c) 2/3 (p 1 ) 2 + m 2 

90 > — 77^1 if V > , (3.60) 

. , (fc)^(p^ + (^ . 

9o < — if p L <0. (3.61) 

It is not difficult to see that the conditions (13.601 ). (13.611 ) would be violated by the charge config- 
uration Q = (0, p 1 , 0, qi) T , which would produce a black hole with singular metric (differently from 
the uncorrected t 3 model). Similarly one can exclude the existence of black holes with the charge 
vector Q = (O,^ 1 , — ffp 1 , ^p l ) T , corresponding in the original frame to Q = (OjP^O, 0): when 
p 1 = p 1 = the expression for the scalar would diverge. This last observation, together with the dis- 
cussion in the previous subsection, indicates that this model does not admit regular supersymmetric 
single-charge black holes. 

On the other hand, solutions with H\ = (corresponding to the charge configuration Q = 
(0,j5i, %, 0) T , Q = (0,p 1 ,qo,—^-p 1 ) T ) or with qi = (two-charge in the unrotated frame), are 
physical. In the former case the scalar becomes purely imaginary 



3/ 



(H l ) 2 (H ) 2 + mHoW 3 + A 2 / 3 ' 



(3.62) 



and in line with eqs. (I3.60I ). ( 13.611 ) the charges must satisfy sen v 1 = sgn f/o and | go I > ( ^ 5 ^ ^ / ) (p 1 ]- 
When instead q\ = 0, the real part of the scalar takes a fixed value independent of parameters, 
namely Kei = — ^, and the restrictions on the allowed charges become sgnc/o = sgnp 1 and 

| 4(75/2 c) 2 / 3 +121 I ~l| 
I V/0 1 — 40 I" I' 

The entropy and the mass for the black holes in this section can be calculated as usual, but due to 
the complexity of the expressions, we do not display them. 

3.2.3 Non-extremal solutions 

The expressions for the scalar and warp factor are in general very involved and this turns out to make 
the pursuit of non-supersymmetric black holes cumbersome. The difficulty resides in the fact that the 
equations for the coefficients turn out to be polynomials of a very high degree, which cannot be solved 
analytically. 

The only non-extremal black holes that can be quite straightforwardly studied are those with the 
scalar assuming a constant value that extremizes the black hole potential. From the general treatment 
in !2.2.2l we know that for such non-extremal solutions 



B M = - A M M = - A M J \Z{Z OQ , Q)| 2 + r 2 , (3.63) 
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and the only quantity to calculate is the absolute value of the central charge in the stationary points of 
the black hole potential. In the current case it reads: 

where i att is the constant value of the scalar all along the flow. 

So far no analytic expressions for non-supersymmetric stationary points of V^^Z, Z* , Q) have 
been obtained for a general charge configurationo We study the non-extremal version of (some of) 
the supersymmetric black holes of the previous subsections and present an example of a constant- 
scalar non-extremal black hole built from a non-supersymmetric critical point of a system with a 
particular charge vector. 

Configuration Q = (p°, 0, 0, gi) T : When > 0, we read off from eq. (13.411 ) that 



Utt = is l J^ (3.65) 



and by plugging it in (13.451 ) and (13.641 ) we find: 

B° = -sq 



15 M 2 



\ 15c + Si 4^10(| 



B\ = ^B° . (3.66) 



3 p 



where the mass M is equal to: 



M = V \ m2 + Si V ^ ^if + rl . (3.67) 

With this last expression the outer and the inner entropy follow from eq. (12.831) . It is worth noticing 
that all these formulae reduce to the extremal counterparts in the limit vq — > and for the entropy it 
holds S + S- = Si 

Configuration Q = (O,^ 1 , 2ft 1 , 0) T : For the sake of simplicity we take % = 2ft 1 . The black hole 
potential has a charge-independent critical point (corresponding to a supersymmetric attractor) at: 

1/3 

~l/3 



64 + 90 c 2 - 6^5 (64 + 45c 2 ) 
'.hi ~ -6ic y : — 2 = -6ic£ 



12 + 2 + 64 + 90c 2 - 6 Cy /5 (64 + 45c 2 ) 



« -0.447310 i 
and the coefficients of the hyperbolic functions are: 



g 1 ■ 6CM{ l-180c^3 



12 An accurate numerical study has been carried out in |40|. 
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For the mass one finds: 



From these expressions it is easy to see by setting c = that this black hole does not reduce to a 
regular solution of the i 3 model. 

Configuration Q = (p°, 0, 0, — ^(|c) 2//3 p°) T : Also in this case the stationary point of the black- 
hole potential does not depend on the value of p° (although this time it corresponds to a non-supersymmetric 
attractor): 

iatt =*(fc) 1/3 ~ 1.13284i. (3.70) 
The non-extremal solution with a constant scalar is then completely characterized by 

1/6 

,/o7 ' ~ J i V 2 ' 

with 



B o = _ s o^ ; Bx = -s*%(\c\ M (3?1) 



M = ^/48c(p°) 2 + r 2 . (3.72) 

The limit ro — )■ gives a doubly-extremal non-supersymmetric black hole. Setting c = again does 
not lead to a regular solution. 

Configurations Q = (O,^ 1 ^, 0) T and Q = (0,0, 0,</i) T : Of these two configurations that are 
both single-charge in the rotated frame, the second is one-charge also in the original frame, Q = 
(0, 0, 0, qi) T = (0, 0, 0, <?i) T . The admissible critical points of the black hole potential — Vhh give in 
each case one non-supersymmetric attractor, 



tatt = i 3 



17^4 \ 3c 



, , 6+ V206 - 6\/87+ —. — - 1.37065 % (3.73) 

\ V ^103-3^87/ 10 



or 



tatt = -i y (3 V2 - 4) ^ w -0.327962 i , (3.74) 

which (by the analysis of eigenvalues of the Hessian matrix of — Vbh with respect to t and t* , in a real 
basis BT1I421 ) is found to be stable^] Neither depends on the value of the charge. 

The metric function of non-extremal solutions with the constant scalar, fixed to one of the above 
values, 

e- u = e- roT ( ~ ybh|att =(e 2roT -l) + l ) , (3.75) 

has the extremal (tq — > 0) limit: 

' r + 1, (3.76) 



lim .e~ u = -^V^ 



att 



13 In each case there are in addition multiple stationary points outside of the allowed domain. For q\ there is also one 
admissible saddle point of the black hole potential at t = i[(3\/2 + 4) f§] 1/3 » 1.06216 i. 
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with the minus sign due to the negative r in our conventions and the constant 1 for asymptotic flatness. 
The respective stationary values of the black hole potential read 



-V, 



bh 



5t att (144c 2 + 30c4 t + 1004 t ) 



att 



and 



8(36c 2 + 30c4 t -504 t ) 

1/3 



(p 1 ) 2 2.20225(p 



1\2 



att 




{qxf ss 0.431213(gi 



the second of which does not have a finite c — > limit. 



(3.77) 



(3.78) 



4 Conclusions 

The use of the H-FGK approach has enabled us, apart from studying some model-independent prop- 
erties of black-holes in four-dimensional N = 2 supergravity, to find extremal and non-extremal 
solutions for the t 3 model without and, for the first time analytically, with a quadratic quantum cor- 
rection to the prepotential. We study the solutions for the corrected model in a symplectically rotated 
frame of homogenous coordinates on the scalar manifold, which simplifies the prepotential (and al- 
lows one to interpret the results as pairs of solutions for two closely related, but not mutually dual 
prepotentials with quadratic corrections). 

The formalism itself can be applied with equal ease to any charge configuration of either model, 
but the polynomial equations that determine the parameters make the explicit solutions unfeasible 
except when some charges vanish and, in the non-extremal case, when the scalar is constant. 

We find that the correction leads to the appearance of solutions, which one might call quantum 
black holes, that do not possess a regular classical limit. Perhaps surprisingly, we find in particular 
that the quantum correction is sufficient to render the otherwise divergent solution with only one 
charge, q\, regular. (The other solution that is single-charge in the rotated frame, but which is not 
single-charge in the original frame, without the quantum correction reduces to the empty Minkowski 
spacetime.) 

In contrast to the solutions in ref. 11431 . the truncations (H M = for some M) of the H-f unctions 
corresponding to our quantum black holes are non-singular in the classical limit. This means that in 
our case we can construct the classical counterpart to a corrected solution with no regular c — > limit 
by simply considering the theory with c = 0, imposing the same constraints on H M and Q M , and 
then solving the Freudhental duality equations. 
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A Type II Calabi-Yau compactifications 



In this appendix we review the compactification of the type IIA theory on the quintic manifold M. and 
of the type IIB on the mirror quintic manifold W, following refs. 114^1 H31 l47l l48l [30l I3T1 1521 . 
It is well known that the low-energy limit of type II superstring theory compactified on a Calabi-Yau 
manifold is an N = 2, d = 4 supergravity with a number of vector multiplets and hypermultiplets that 
depend on the Hodge numbers of the Calabi-Yau manifold. Only the vector multiplets moduli space is 
relevant for the construction of black-hole solutions in these theories: black-hole-type solutions with 
non-trivial hyperscalars in ungauged iV = 2, d = 4 theories are expected to be generically singular 
since they would have primary scalar hair [53]. On the other hand, in the unguaged theories, the only 
bosonic field the hyperscalars couple to in the ungauged theories is the metric, and, therefore, they 
can always be consistently truncated or, equivalently, set to some constant value. 



A.l Type IIB on the mirror quintic W 

Let M. be the family of manifolds associated with the vanishing of a quintic polynomial in CP4. An 
element of M. has M 2 ' 1 ) = 101 degrees of freedom describing the complex structure of the manifold, 
that can be associated with the coefficients of the defining polynomial^ Furthermore, M 1 ' 1 ) = 1 
and the only independent harmonic (1, l)-form can identified with the Kahler form of the manifold: 
any other harmonic (1, l)-form is the Kahler form multiplied by a real number, which corresponds 
to the freedom to adjust the overall scale of the manifold. The Euler number of a quintic manifold is 
X = -200. 

Let us consider the family of quintic polynomials H71 14§1 

5 5 

n = ^24-^Ylx k , tpec, (A.i) 

k=l k=l 

parametrized by the complex modulus ip, the manifold described by p^ = and M.q C M. the 
family of all manifolds for ip £ C The family of quintic polynomials [p^, ip £ C) is invariant 
under the group generated by: 

go = (1,0,0,0,4) , 

91 = (0,1,0,0,4) , 

92 = (0,0,1,0,4) , ^ 
53 = (0,0,0,1,4) , 

where gi, i = 0, . . . , 3, acts on (x±, . . . , £5) by multiplying the (i + l)-th entry by the phase a = 
e 27ri/5 an( j j ast entr y by q,4 ^ &Q gS _ ^ f OI gjj £ tra^f ormation 50515253 leaves each p^ 
invariant because it multiplies the homogeneous coordinates by a common phase, hence only three of 
the gi are independent, say 51, 52 and 53. These three elements generate the group Z|. 

It turns out that the mirror family W is W = = M^/Zf,?/) € C. It can be shown that the 
elements of W have h'"' 2 ' 1 ^ = 1, Z^ 1 ' 1 ) = 101 and % = 2 °0, as they must. 

Since the transformation ip — > aip can be undone by a coordinate transformation, we have that 
ip ~ aip, thus it is ip 5 that plays the role of the modulus that parametrizes the complex-structure 
moduli space of W that we denote by This is in agreement with /i^ 2,1 ) = 1. There are two 

values of tp 5 for which (and, correspondingly, W^p) is singular: tjj 5 = 1 and -0 = 00. 



14 A quintic polynomial has 126 possible terms and complex coefficients. However, 25 of them can be eliminated by 
linear transformations of the 5 complex coordinates. 



25 



W\ has a single singular point given by the equivalence class [(1, 1, 1, 1)] and W m is given by the 
quotient by Z| of the singular quintic 

5 

Poo = J] x k = . (A.3) 

k=l 

Woo is the large complex structure limit of W: we will see in the following section that it is the 
mirror of the large-radius limit of M.. 

We are interested in the compactification of the type IIB theory on W. The low-energy effective 
field theory is an ungauged N = 2,d = 4 supergravity coupled to /i^ 2,1 ) = 1 vector multiplets and 
/j(i.i) _|_ i = 102 hypermultiplets that can be consistently ignored (set to some constant value). We 

(2 1) 

will thus be dealing with just one complex scalar parametrizing the special Kahler manifold CjVg . 

Following ref. lISTl . we can describe the complex-structure moduli space C i: g by the periods of 
the holomorphic three-form ft over a canonical basis of Hs(W^, Z), which in our case, since 63 = 4, 
can be taken to be {^ M ) = (A , A 1 , Bq, -Bi) T with the intersections 

A A n B r = d£ , A A r\A r = 0, B A nB r = 0. (A.4) 

The dual cohomology basis is denoted by («a, /3 r ) and obeys 

a r = 5 A r, f (3 r = -5 r A , [ f = [ a T = . (A.5) 



IA A JB A JA A Jb a 

The holomorphic 3-form Q is given by 

= ^ A a A - JiiB,A/3 A , (A.6) 

where X A and J"hba> which will be identified as the components of the holomorphic symplectic 
section 

/ X ° \ 

X 1 



nuB^) v 

\ ^IIBl / 

are the periods of the holomorphic 3-form with respect to the canonical homology basis 



(A.7) 



X = / Q , Ta= ft • (A.8) 

•/ A A Jb a 

There are 4 periods, but the complex-structure manifold is one-dimensional and hence we can take 
the J-\ to be holomorphic functions of the X A . Since ft is defined up to rescalings ft — > g(ip)Q, where 
g{ip) is a holomorphic function of the modulus ijj, we can take the X A to be projective coordinates 

of the scalar manifold, and hence we end up with one complex coordinate, which is what we need in 

(2 1) 

order to parametrize C i: g . Different choices of g(ip) can be understood as different gauge choices. 
In addition, the periods Jiib A can t> e expressed as derivatives of a single function J^ib of the X A : 

^IIBA = ^ r - (A.9) 
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We will find later on that it is more natural to consider Tttr a as the projective coordinates and the 
X A given in terms of them. A good special coordinate in the large complex-structure limit is therefore 
provided by: 

ZW = ^^r. (A.10) 

It can be shown |[54l 1551 that the components of the holomorphic symplectic section of an = 
2, d = 4 supergravity theory have to obey a set of differential identities due to the properties of 
the special Kahler geometry. When the theory originates from a Calabi-Yau compactification, these 
identities are the Picard-Fuchs equations. In our case, there is only one fourth-order Picard-Fuchs 
equation associated with W Il54l 1561 

(1 - ip 5 )uj iv - 10V>V" - 25-0 V - 15^V - ijju = 0. (A. 11) 

and its 4 independent solutions ujq , u\ , 0J2 , <^3 can be identified with the 4 periods 11521 . 

Eq. (IA. lib is an ordinary differential equation with regular singular points at = 0, 1, oo and, 
hence, a system of solutions may be obtained following the method of Froebenius for such equations. 
At ip 5 = oo one solution, ojq, is given as a pure power series and the other three solutions oj\, u)2, 
contain logarithms, with powers 1, 2 and 3, respectively. At ip 5 = all four solutions are pure power 
series. We will not need the solutions at ip 5 = 1- 

The pure power series solution around tp 5 = 00 is 

1 °° f5?i)! 27T 
Wo (w,) = _ \ n) ' \M >1 0<Arg(V>)<— • (A.12) 

5 ^ ^ ( n! ) (5V0 " 5 

This expression has been obtained with the choice of g(ip) normally used to study the (mirror) 
Landau-Ginzburg or Fermat limit ip — > 0. An expression for loq in the large complex structure limit 
can be obtained from the one above by a gauge transformation with g(ip) = 5tp [56] that gets rid 
of the overall factor (5?/>) -1 . We will use this new gauge for both limits, since we have found no 
complications in using it in the Fermat limit -0 — >■ 0. In conclusion, we take ujq to be 



Wo (V0=V V 5 , H>1, 0<Arg(V)<— • (A.13) 

^(n!) 5 (5^) 5n " 5 

The solution around ip = can be obtained by analytical continuation of eq. (IA. 13b : 



5 ir1 r(m)r 4 (i -m/4) 



m=l 

The 5 functions 



wtW^ (^), fc = 0,...,4, (A.15) 

are also solutions, but one of them cannot be linearly independent: the up. obey a linear relation which 
turns out to be 



J> fc = 0. (A. 16) 



fc=0 

2vr 



The expressions for the tJk, k = 1, . . . , 4 for > 1,0 < Arg(^) < =£• are quite involved and can 
be found in appendix IA.3I 
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To construct the holomorphic symplectic section IIiib we choose a set of four linearly independent 
solutions, that we combine into a vector u (also called the period vector on the Picard-Fuchs basis) 



/ u 2 \ 

V W 4 / 



(A. 17) 



and then define II/xb (■(/>) by 

riimC^) =Mu M 



The Kahler potential is given by 

„-/C . 



/ 


-1 





8 


3 


\ 







1 


-1 









-3/5 


-1/5 


21/5 


8/5 




V 








-1 





/ 



(A. 18) 



(A. 19) 



where 



/ 1 3 1 \ 



1 

a =5 



(A.20) 



-10 3 3 
-3-3 1 
\ -1 -3 -1 / 

Eq. dA.191 ) is a very complicated function of ip, hence some simplification limit is in order. It can be 
shown that in the large complex-structure limit (given by eq. (IA.40I )) tp — > oo the Kahler potential is 
given by: 



-K. 



2 i) (f^i^i + > 



From (IA.21I) we can compute the Kahler metric 

15(-24C(3) log |&0| +51og 4 |5^ 



Gifnl>* 



We can expand (1A.22I ) as to obtain: 



| 2 (24C (3) + 10 log 3 1 5V> |) 
48C(3) 



(A.21) 



(A.22) 



1 



4|V>| 2 log 2 1 5^| V 25 log 3 |5-0| 
We perform the change of variable 



+ 



t 



2iri 



log(5V>) 



(A.23) 



(A.24) 



in order to make easier the comparison with the metric of the large-radius limit of type IIA on Ai, 
which is obtained in the following section. The leading term of (1A.23I ) becomes 



G tt * =l(5mt)- 2 



(A.25) 



which is, as we will see, the large-radius limit metric of the Kahler-structure moduli space, the scalar 
manifold of type IIA on M. . 
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A.2 Type IIA on the quintic M. and mirror map 

The low-energy effective theory of of type IIA superstring theory compactified on a Calabi-Yau man- 
ifold is N = 2 supergravity coupled to M 1 ' 1 ) vector multiplets and hP'^> + 1 hypermultiplets. The 
prepotential in the large compactification radius limit is given by I5T1 



i kP X^X^X^ 

?iia(, x ) = "3j > i,i,fc = l,-- • (A-26) 

where K^ k are the triple intersection numbers. 

We take the compactification manifold to be quintic M., hence M 1 ' 1 ) = 1 and /i^ 2,1 ) = 101. 
Since, as in the type IIB case, we are only interested in the vector multiplet moduli space, we set the 
hypermultiplets to zero and deal solely with the complex Kahler-structure moduli space which 
is a complex one-dimensional special Kahler manifold. 

If we denote by e the generator of H 2 (Ai, Z), the only non- vanishing triple intersection number 
at tree level is 

k? 1 1 = / eAeAe = 5. (A.27) 

Jm 

Then, in terms of the coordinate 

t = X 1 /X° (A.28) 
and in the Kahler gauge X° = 1, the Kahler potential is given by 

/C I ° IA = -log[f(9mt) 3 ]. (A.29) 

The Kahler metric reads 

S°. = |(9mt)- 2 . (A.30) 

Comparing eqs. (1A.25I ) and (IA.30b we can see that the large complex-structure limit of the metric of 
Cjjg agrees with the corresponding bare (uncorrected) quantities for cjj)P . 

We are interested in how the loop corrections and worldsheet instanton corrections (we restrict 
ourselves to a two-derivative action) to eq. (IA.26I) affect non-extremal black-hole solutions. One 
can write the corrected prepotential [52] in the form J^ha = ^ua + ^iia '*' where Ffi^ denotes 
the perturbatively-corrected prepotential and J 7 ^* 1 denotes the exponentially small terms due to 
instanton corrections. They are given by: 

^iA ert = E^ Li 3( e27r ^ 1/A ' Q )' (A-32) 



where 



Li 3 (x) = ^;^, (A.33) 



and iik is the number of rational curves of degree k, and where we have defined the real numerical 
constant 

r 

l5 rs ( * (A - 34) 
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For large values of the quintic radius ^smt 3> 1, the non-perturbative contribution to the prepotential 
are exponentially small and can be ignored. 

The type IIB theory compactified on W is related to the type IIA one compactified on A4 through 
the mirror map, which can be expressed as a symplectic transformation of the holomorphic symplectic 
section with matrix N given by ll52Tl 



nilA = ^^NUub 



N 



( 











1 \ 




-1 





2 










-1 








\ 








-1 


o / 



(A.35) 



and the coordinate transformation 



t 



2 (0Ji - U! ) + 0J2 - W4 

5u 



(A.36) 



where we are denoting the holomorphic symplectic section of the type IIA theory compactified on W 
by 

/ *° \ 

X 1 



(A.37) 



-^IIAO 
\ -^IIAl J 

Consequently, at the supergravity level, both theories are the same theory in different coordinates and 
symplectic frames. 



A.3 Large complex-structure limit 

In this section we give the explicit expressions for the periods in region > 1,0 < Arg(V>) < , 



(A.38) 



and we also obtain the large complex-structure limit [52]. The periods are given by: 

3 oo 



r=0 



n=0 



'(n!) 5 (5V') 5n ' 



H>i, 



where the coefficients are given by lengthy expressions that can be found in [52 ]. In the large complex- 
structure limit i/i-^oowe keep the first term in the pure power expansion of eq. (IA.38I ). We can then 
write a vector of coefficients: 

/ b 2r o \ 



2mY 



5 J 



(A.39) 



blrO 
borO 
\ &4r0 / 

in terms of which the large complex-structure limit of the period vector in Picard-Fuchs basis is 
written as: 



X>log r (5V) 



(A.40) 



r=0 



Eq. (IA.40I ) is the starting point for obtaining the relevant quantities of the model in the limit ip — > oo. 
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A.4 A simpler prepotential 

As already mentioned, for large values of the quintic radius 9m t 3> 1, the non-perturbative contri- 
butions to the prepotential are exponentially small, so J 7 ^* 1 of eq. (IA.32I ) can be neglected. Taking 
into account just eq. (IA.31I) . the holomorphic symplectic section is given by 



n 



pert 



x° 

X 1 



\ 



5 P* 1 ) 3 , 25 ! 
6(^ ) 2 ^ 12 



icX 1 



V 



5 {X 1 ) 2 
2 X° 



2 12 



In the spirit of ref. [57], the symplectic (Peccei-Quinn) transformation 



/ 



S = 



I 



-2§ 

1 12 



\ _25 11 

\ 12 2 



brings the section to the simpler form 



n 



pert 



5(X 



X° 
X 1 

1\3 



V 



6 (*0)2 

5 QY 1 ) 2 
2 



which can be derived from the prepotential 



pert 



5 {X 



1\3 



0\2 



quintic 



6 X° 



-c(X«) 



(A.41) 



(A.42) 



(A.43) 



(A.44) 



The geometry of the scalar manifold in the corrected case is quite different from SL(2,M)/U(1) 
of the pure t 3 model. It is not a homogeneous space and the conditions that 9m t has to satisfy are 
also different: the Kahler potential is given by 



-K 



pert 



f (9mt) 3 + 2c 



(A.45) 



and the fact that K. must be real implies 



Qmt > - (^c) 1/3 



(A.46) 
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The Kahler metric is given by 



15 3tnt -3c + 5(3tnf) 3 

Qtt = " o 1 ■ (A.47) 

[3c+10(9mt) 3 ] 2 

For it to be positive definite, we need to demand Qm t [— 3ec+ 5(3tni) 3 ] > 0. This condition, 
together with eq. (1A.46I ). gives the domain of definition for 9m t: 

3c\ 1/3 \ //3c\ 1/3 N 



3mt HvW '°) u \\j) ••»)■ (A48) 

From the point of view of the supergravity theory, this is the only condition that the scalar needs to 
satisfy for the solution to be well defined. If, however, this supergravity is to be seen as an effective 
description of the underlying superstring theory, there are more conditions to be met by t. In particular, 
the prepotential (IA.44I ) is an expansion around t — > oo, valid only inside the radius of convergence: 

3?mi > 3?mi(l), (A.49) 

where t(ip) is the mirror map, tp is the modulus of the mirror related theory, and the conifold point is 
assumed to be at ip = 1. 
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